Abstract We discuss the perturbation theory of "left" and "right" Browder operators, which come somewhere between Browder operators and semi Browder operators. 
Introduction
Let X and Y be infinite dimensional Banach spaces, and let BL(X, Y ) be the set of all linear bounded operators from X to Y . Recall [H2] , [M] that T ∈ BL(X, Y ) is Fredholm iff it has finite dimensional null space and closed range of finite codimension, in which case
index(T ) = nul(T ) − def(T ) = dim T −1 (0) − dim(Y /T X) .

When index(T ) = 0 we say that T ∈ BL(X, Y ) is Weyl. Necessary and sufficient for T ∈ BL(X, Y ) to be
Fredholm is that it be essentially invertible, in the sense that there are T , T in BL(Y, X) for which
I − T T ∈ J(X) , I − T T ∈ J(Y ) ,
where J can be either the finite rank operators or the compact operators or indeed the inessential operators -all three conditions are equivalent. Since everything in the finite rank operators has generalized inverses it follows that 0.3 T Fredholm =⇒ T relatively regular .
It then follows that if (0.2) holds it can be arranged that T = T is a generalized inverse for T . The Weyl operators can be distinguished among the Fredholm operators as those for which
T ∈ BL(X, Y ) −1 + J(X, Y ) ,
where again J can be finite rank, compact or inessential; it is also necessary and sufficient that T is Fredholm and has an invertible generalized inverse. More general than the Fredholm operators are the left and right Fredholm operators, in which only half the condition (0.2) holds; more general still are the upper and lower semi Fredholm operators, in which either the null space or the quotient of the range are finite dimensional. We shall also describe as upper semi Weyl, or left Weyl, an upper semi Fredholm, or left Fredholm, operator of non-positive index, and as lower semi Weyl, or right Weyl, a lower semi Fredholm, or right Fredholm, operator of non-negative index. The set of all upper (lower) semi Fredholm operators on X is denoted by
When in particular Y = X we meet Browder operators, which are Fredholm of finite ascent and descent: there is n ∈ N for which 0.5
necessarily such operators are of index zero, therefore "Weyl". In this note we look at left, right and semi Browder operators: An operator which is both upper and lower semi Browder is Browder. It is also true, for each of these four "non singularities", that
It follows in particular that if T ∈ BL(X) is in one of these classes then so are all powers T n . Since semi Browder operators have closed range it follows that for semi Browder operators
Fixing the operator T ∈ BL(X), we shall write S ∼ ∈ BL(T ∞ (X)) for the restriction of an operator S ∈ BL(X) which leaves the hyperrange invariant, in particular for S ∈ comm(T ).
The perturbation theory of upper and lower semi Browder operators has been worked out. We shall write
for the commutant of T ∈ BL(X),
for the "invertible commutant" of T , and if δ > 0 1.9 comm
We write Nil BL(X) and QNil BL(X) for the nilpotent and the quasinilpotent operators in BL(X), we write B 00 (X), B 0 (X) and B ∼ 00 (X) for the finite rank, compact and inessential operators on X, and finally
right for the bounded below, the onto, the left and the right invertible operators on X. We also recall the "Kato decomposition": 2. Definition We shall say that an operator T ∈ BL(X) is almost invertible provided
that it is a Kato operator provided
and that it is essentially Kato provided there is a projection P = P 2 ∈ comm(T ) for which, with 
We recall ([R2] Theorem 2.1; [M] Theorem 16.21) that semi Fredholm operators are essentially Kato. We remark also that if P = P 2 commutes with T ∈ BL(X) then, with again
and that
this is easily checked by writing out 2 × 2 operator matrices.
Theorem If T ∈ BL(X) then the following are equivalent:
3.1 T upper semi Browder ;
T upper semi Fredholm and ∃
3.3 T upper semi Fredholm and almost bounded below ;
Proof. If S ∈ comm −1 (T ) is invertible and commutes with T then
There is therefore δ > 0 for which
the second equality is because (T − S) ∼ is onto for small S , and the third is index continuity for lower semi Fredholm operators ( [M] 
It follows that T − S is upper semi Fredholm and one one, therefore bounded below: (3.1)=⇒(3.2)=⇒(3.3). Towards implication (3.3)=⇒(3.4) take the projection P = P 2 from the Kato decomposition (2.1). Since T 1 is Kato and almost bounded below it follows from (2.4) that T 1 is bounded below, while T 0 is nilpotent. Implication (3.4)=⇒(3.5) is 2 × 2 matrices again ( [K] Theorem 4.2). For implication (3.5)=⇒(3.6)=⇒(3.7)
We shall see below (Theorem 7) that the condition (3.6) can be improved ( [R3] Corollary 2) to inessential, and indeed Riesz, perturbations:
Theorem If T ∈ BL(X) then the following are equivalent:
4.1 T lower semi Browder ;
T lower semi Fredholm and
4.3 T lower semi Fredholm and almost onto ;
Proof. Implication (4.1)=⇒(4.2)=⇒(4.3) follows from the same punctured neighbourhood argument as for Theorem 3, and then (4.4) is again the Kato decomposition: since T 1 is Kato and almost onto it follows from (2.5) that T 1 is onto, while T 0 is again nilpotent. Finally if K ∈ B 0 (X) is compact and commutes with onto 5.5 6.5
Proof. Much of Theorem 6 is a consequence of Theorem 4: if T ∈ BL(X)
is right Browder then (4.2) holds, and hence also (6.2), since now each T − S is both right Fredholm and onto. A similar comment applies to (6.5): T 1 is by (4.4) onto and by (2.7) relatively regular. Finally if K ∈ B 0 (X) is compact and commutes with right invertible 
This has upper, lower, left and right versions: the conditions (3.3)-(6.3) guarantee respectively the upper semi, lower semi, left and right analogues of (6.8). Each of the semi Browder conditions of Definition 1 are, more generally, stable under commuting Riesz perturbations:
Proof. Towards (7.3) we claim that if λ ∈ C is arbitrary
σ lef t e (T + λK) = σ lef t e (T ) and 7.6 acc σ lef t (T + λK) = acc σ lef t (T ) .
For (7.5) combine the two variable spectral mapping theorem for the left spectrum ([H1] ; [H2] ; [M] Theorem 8.8) with the fact that in the Calkin algebra BL(X)/B 0 (X) the coset k = K + B 0 (X) is quasinilpotent:
since σ(k) = {0}, and the reverse inclusion follows from t = (t + k) + (−k). Towards (7.6) we have, using this time the two variable spectral mapping theorem in the algebra of operators,
and ( [HK] Theorem 6) simple properties of accumulation points,
This gives (7.3). For (7.4) replace the left spectrum by the right. For (7.1) and (7.2) pass to the "essential enlargement" [BHW] , and ( [M] Theorem 17.6, Theorem 17.9) replace the left spectrum by the approximate point and the defect spectrum of the essential enlargements of T , K and (T, K) • We remark that it is sufficient for (7.5) that the cosets t, k commute in the Calkin algebra BL(X)/B 0 (X), and that this remains sufficient if the Calkin algebra is replaced by the quotient BL(X)/B ∼ 00 (X). As we remarked above (3.8), Theorem 7 has the effect of extending each of the conditions (3.7), (4.7), (5.8) and (6.8) from compact to Riesz operators; the proof we have given for it also tells us something about left and right Weyl operators: 8. Theorem If K ∈ BL(X) then the following are equivalent:
Proof. If (8.1) holds then (8.2), and hence also (8.6), follows from (7.7) with λ = 1, and similarly (8.3) and (8.7); now the continuity of the index gives also (8.4) and (8.5), and hence also (8.8) and (8.9). Conversely taking T = O shows that each of (8.6)-(8.9) imply that K ∈ BL(X) is Riesz • From Theorem 8 it follows that if T K − KT is "inessential" and K is Riesz then the left and right Fredholm and Weyl properties are transmitted from T to T + K. It also follows from Theorem 7 and Theorem 8 that if K is Riesz and commutes with T and if "Browder's theorem holds" for T then it also holds for T + K. This is the common generalization of the two parts of Theorem 11 of [HL] .
It is possible to use ( [SW] , Theorem 30) to prove the following: if K is Riesz and T K = KT , then σ
. This is the method applied in [Du] Theorem 4.1. A generalization of that result from [SW] is presented in ([Zi] , Corollary 1). Precisely, the condition "T K − KT is compact" in [SW] is replaced with "T K − KT is in the perturbation class of the set of all upper semiFredholm operators" in [Zi] . Therefore, if K is Riesz, then for every T which is upper (lower) semi Fredholm and satisfies that T K −KT ∈ P (Φ + (X)) (or P (Φ − (X))) it follows that T +K is upper (lower) semi Fredholm and index(T + K) = index(T) ([Zi] Corollary 2). Thus the following statements are equivalent:
It is familiar that the Weyl and the Browder spectrum of an operator can be written as the intersection of the spectrums of its compact, and its commuting compact, perturbations. Theorem 8 extends this to upper and lower, and left and right spectra, and Riesz perturbations:
9. Theorem If T ∈ BL(X) then, for each * = lef t, right, and J(X) any non zero ideal of Riesz operators,
and, for each for each * = +, −, lef t, right,
Also, for each * = lef t, right,
where π lef t and π right are the point spectrum and the point spectrum of the dual. Proof. Inclusion one way in (9.1) follows from (8.4) and (8.5), and in (9.2) follows from Theorem 7. In the other direction ( [M] Theorem 19.7)
For (9.3), combine these with equality
2) proved the analogue of (9.3) for the Browder and the Weyl spectrum. The boundary of the Browder spectrum is a subset of the essential spectrum:
Theorem If T ∈ BL(X) then for each * = +, −, lef t, right there is inclusion
and hence also 
